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In this paper we consider same series attashed to the Stnarandache function (Dinchlet 
senes and other (numencal) senes). Asunptouc behaviour and convergence of these series 
18 elablished. 


1. INTRODUCTION. The Smarandache function S: 4°» N* is defined [3] such that 
5(7) is the smallest integer n with the property that n! is divisible by nif 
n= py ps .pe (1.1) 

is the decomposition into primes of the POSILV integer n, then 


S(n) =max Sip” ) (1.2) 


be ade! wk ; 
and more general if 1, nq is the smallest commun muluple of n, and n, then . 


Sim ¥ m2) = max(S(m), Sinz). 


Let us observe that on the set N of non-negative integers, there are two latticeal structures 

i ¢ ' 
generated respectively by V= max, A = min and Y = the last commun multiple, a the 
greatest commun division. if we denote by < and <, the induced orders in these lattices, It 


results 
Sim Y nq) = Sim )V Sing) 


The calculus of sip?) depends closely of two numerical scale, namely the standard scale 


(p): 1, p, p’,....p%,... 
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and the generalised numencal scale [p] 


Lp] : 4,(P), 2,(P), vey a,(P), tee 
where a,(p) = (p*-1)/(p-1). The dependence is in the sens that 
S(p*) = prate} 4p) (1.3) 


SO, S(p*)is obtained muluptyng p by the number obtained wniting a in the scale [p] and 
"reading" it in the scale (p). 

Let us observe that if b,(p) = p® then the calculus in the scale [p] is essentialy different 
from the standard scale (p), because : 


by(P) = pb,(p) buta,.,(p) = pa,(p) + 1 
(for more details see [2] ). 
We have also [1] that 


S(p*) = (p - 1)a + otpj(a) (1.4) 


where oj,)(a)is the sum of digits of the number uwniten in the seale [p]. 
In [4] it is showed that uf » is Euler's totient function and we note S,(a) = S¢p*) then 


Sp(p™")= gp") +p (1.5) 


It results that ap") = 5p" )-p so 


gn) = i [sw | )~a1}. . 


In the same paper [4] the function S is extended to the set Q of rational numbers. 


2. GENERATING FUNCTIONS. It is known that we may atiashe to cach numencal 
function f:N*-->C the Dinchlet serie : 


D42)= = (2.1) 


which for some z= x + fy may be convergent or not. 
The simplest Dirichlet series is: 


3(2) = £ 4 (2.2) 


called Riemann’s function or zeta function where is convergent for Re(z) > 1. 

It is said for instance that if f is MObius function ( ju1) = 1. (Pp, P: °° P,) = (-1)' and y(n) 
= 0 if n is divisible by the squar of a pnme number ) then 1D, (z) = 1/3(z) for x>1. and if fis 
Euler's totient ftuncuon ( e(n) = the number of positive integers not greater than and prime to 
the positive integer n ) then D,(z)=3(z-1)/3(z) tor x>2 ). 

We have also Da(z) = 37(z), tor x > 1, where d(n) is the number of divisors of n, 
including 1 and n, and D-,(n) = 3(z)-3(2z-k) (for x > 1, x > k+1), where o,(n) is the sum of 
the k-th powers of the divisors of n. We wnite o(n) for o ,(n). 
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In the sequel let we suppose that z is a real number, so z =x. 
For the Smarandache function we have: 


If we note: 
F,°(n) = 2 AH 
it is said that Mdbius function make a connection between { and I? by the inversion formula: 
finy= Fray?) (2.3) 


The functions F;° are also called generating functions. 
In [4] the Smarandache functions is regarded as a generating function and is constructed the 
function s, such that: 


s(n) = we, SCAU E. 
2.1. PROPOSITION. For all x > 2 we have : 
Gi) 3(x)< D(x) s 3¢x-1) 
@) 1 < Di (%)< Dx) 
(ii) 3°(x) s D,,(x) $3(x)-3(x-1) 


Proof. (1) The asertion results from the fact that 1< S(2)< on. 
(wi) Using the muluplication of Dirichlet series we have: 


2 = ‘ : 
—— . D(X) -($ ae \( § a = pi 1)S( 1) pg RUA 5 
3(«) aa fe coke — 


LYK NDAs) — WC Dest ad eel adh 1) < s0le) 
RRA) | ore) 2 Bitty 


and the asertion result using (i). ie 
(i!) We have / ) : 

3(x)-D,(x) = & we 2) = §(1) a ee ns Dg 4 oe) 
so the equalities holds using (i). 


Let us observe that (iii) is equivalent to 0,(X) < D,. < Dg(X) . These inequalities can 
be deduced also observing that from 1<Qn)<n__ it result: 


SL Le f Sky <= = 


Yi Som. Span ao 
din) < F,(n) a(n) (2.4) 

But from the fact that F, <n + 4 (proved in [5]) we deduce 
dn)<Fijnjp<n+4 (2.5) 
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Unni now it ts not known a closed formula for the calculus of the functions Dx). DS AX) Or 
D,,\x), Dut we can deduce asimptotic behaviour of these functions using the following well 
known results: 
2.2. THEOREM. (i) 3(z) = +00) 
(ii) In3(z) = In + O(z-1) 
(iii) 3'(z) = “Gy TOD) 


for all compiex number. 
Then from the proposition 2.1 we can get inequalities as the fallowinys: 


(1) Ti 7 O2) $ Ox) s + 1) 


(i) 1<D,,(x)s eT for some positive constant A 
(iil) -Te + C1) s DY (x) s 4 + (1). 


The Smarandache functions S may be extended to all the nonnegative integers defining 
S(-n) = S(n). : 
In [3] it is proved that the serie 


ed 
1 


, 418 


Ae 
& 


is convergent and has the sum q € (e-1,2). 
We can consider the function 


_~F 
f(z)= & eae 


convergent for all z <€ C because 


fini _ Kat) fal 


= SEL as SER gat Rs 
an (rade) ~ (ee dae) ~ 942) 
@nret * 


and so =~ + 0 

2.3. PROPOSITION. ‘The function f statisfies t(z)| < qz an the unit disc 
U(0,1) = {2} jz < 1}. 

Proof. A lema does to Schwartz asert that if the function f is olomorphe on the unit disc 
U(0,1) = { Zz! [a < 1} and satisfies £(0) = 0, |f(z)| < 1 for z © U(0,1) then \f{(z)} slz on 
U(0,1) and |f'(0)| < 1. 


For iz < 1 we fave jf(z)| < q so (1/q) f(z) satisfies the conditions of Schwartz lema. 


3. SERIES INVOLVING THE SMARANDACHE FUNCTION. In this section we 
shall studie the convergence of some series concerning the function S. 

Let b: N*~>N* be the function defined by: b(n) is the complement of n until the 
smallest factorial. From this definition it results that b(n) = (S(n)!)/n for all n € N*. 
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3.1. PROPOSITION. The sequences (b(n)),.,; and also (b(n)/n*),., for keR. are 
divergent. 

Proof. (1) The asertion results from the fact that b(n!) = 1 and if (p,),-1 is the sequence 
of prime members then 


(ii) Let we note x, = 5(n)/n* . Then 


Xn= oy 
n 
and for k > 0 it results 
~ 7 May nm 
eat = Ge! ane 0 
— Pet _ OD! prprPes 
Xpe oa (p.)**! (p.)**! > pi?! Pr 


because it in said [6] that p, p,-... p,, > p,*”? for n sufticiently large. 


3.2. PROPOSITION. The sequence T(n) = 1+ i rer - In O(m) is divergent. 

Proof. If we suppose that lim 7(n)=/< @, then because = mm = @ (sev [3]) it results 
the contradiction jim In (7) = 0. 

If we suppose im T(n) = -—0, from the equality nin) = 1 + a - Zn) it results 
jim ind(n) =, 


We can't have iim T(n)= +00 because T(n) < 0. Indeed, fromi < Ss)! tor i 2 2 it results 
i/ S(i)t s 1] for alli 2 2 
= pa, Le = -~l)- x = 
Tipn)= 1+ Bot... + Be - in((p, - 1!) < 14 (p, - 1) - inp, - WD!) = 


= Pn- In((p, ='1)!). 


But for k sufficiently large we have e*<(k-1)! that is there cxisix me N so that p< Iniig,- I) 
for n 2 m. It results p, - In((g, - 1)!) < 0 forn 2 m, and so T(n) <0. 


Let now be the function 


Ho(x)= on). 


3.3. PROPOSITION. The serie 


oH, (n) (3.1) 


R2S 
is convergent. 
Proof. the sequence (b(2)+b(3)+ ...+ b(n)), is stricticy increasing to “ and 
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~ AD! 


aD! x! 
ae aD 


Ey 
rs 


SD! AI! Mey AH! _ HD! 
2°73 7 esas Tacs 


ina Ll ’ iy 
X2)! os 3)! a X4)! % 35)! 4 X6)! = XS)! 


2 3 ‘ 5 6 5 
SQy A way SY MO ITM) SD 
rT =p + 7 a + > freee 
80 we have 
fins t } 1 t 
- H, (n) = Say Sly Ky Ke . cy 3) Ss 7 
ned SMa Set ea Oe ge Ts 
a 
SINS ee : 
ro es 
2 1 2 4 2 Pret “Pk 
< ar tart at at et tpt 
2 3 5 7 it ya 
me ee > Orecee) = z Eel i7pa) me pee % a 7 r Pier he 
ren SR! kez Pt 2012 gan Bk! 
But (p,-1)! > p,p,...p, forn 2 4 and then 
-1 19 
z H, (nm) < T2 r L Qy 
n22 = ma4 
x Pari-Pe) _ PriitPr . Prsitha Pras 
Where ar = OO = ae) S Pur <ier 


Because p,p....p, > p’,., for k sufficiently large, it results 


Phe I 
a. Pini Pia ‘ 


and the convergence of the serie (3.1) follows trom the convergence of the serie e a 
OF kel 


In the followings we give an elementary proof of the convergence of the scenes 


——,a€ R,x>1 provides information on the convergence behavior of the series 
F=2 Sk) * JS 


py 


1 
raz HE) 


me 


3.4. PROPOSITION. The series £ 


| . 
———, converges ifau ¢ R anda > |. 
Fez At) + [20 7B 


Proof. 
ee I Eg Nh i a Sg oy a 
Pees Co ka) a olf OE a hf as fe a eye 


where m, denotes the number of elements of the set 


M, { keN*, S(k)=t } = { ke N*, k| t and k | (t-1)! }. 
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It follows that M, { ke N*, k| ¢ } and there fore m<d(t!). 
Hence m, < 2,/t! and consequently we have 


So, x iF converges. 


3.5. PROPOSITION. rf?! <! ifae R, a>} andi >t. = [e2@"], be N*. (where 
{x} means the integer part of x). 


Proof. rt ff <hoo P< (tio rca (2) 
On the other hand 122 < (£)* o> (e-4)?% < (5)! co e242 < (2)! me 25)! (3) 
If te22t! => (2)I-74 > (tte = (ett r2a 5 (gtu yet '-2u 


Applyng the well-known result that e* > 1+ x if x > 0 for x = 2a we have 
(e2a yom! -2a > (e2%)tariti-za = (e24)2 = 962 5 20, 


So, if t> e2**!we fave e™ < (t)""* (4) 


It is well known that (£)' < 7! if teN*. (5) 
Now, the proof of the proposition is obtained as follows: 


Ift> te =[e2@*!] te Ne we have e% < (fy > 122 < (£)' < a Hence 2% < tf iftt >re and 
this proves the proposition. , 
CONSEQUENCE. The senes © —& converges. 


x e m2 a} 
T ote es TS i 
Proof. etn where m, is defined as above. 

t>te Ww tit <ttlom—oto So 
Ift>te wehave 2 Ji <a =- aP ar? oT 


mu 


re fe 


Since £ converges it results that also converges. 

t=2 & ; 
REMARQUE. From the definition of the Smarandache function it results that 
card { ke N*: S(k)=t } = card { ke N*:k| tand k | (t-1)!} = d(t!}-d((t-1)!) 


so we get 


£ car(dS-'(0)) = Ean- ac 1)!)) = ant)-1 
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